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Introduction

Earlier study: V. Nair, PLB 1986: some (MHYV 1i.e. maximal helicity violating)
tree level amplitudes of the N=4 SYM are generated by a

WZNW model = Twistor String

* In December of 2003 [hep-th/0312171] E. Witten reconsidered the
connection between N=4 Super-Yang-Mills and String Theories using

twistor approach.

* In distinction to the AdS/CFT correspondence, this connection relates
week coupling limits on both sides and, hence can be checked

perturbatively.

« This resulted in development of a new technique (Cachazo-Svrcek-
Witten or CSW technique) to calculate the gauge theory amplitudes

and pushed forward the TWISTOR PROGRAMME by Penrose aimed to express
the physics in terms of twistor space rather than spacetime.
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How twistors enter the game:

The amplitude for n gauge boson scattering with 2 positive and
(n-2) negative helicities (n-particle MHV amplitude) 1s

4
A(1,2,...,n) = 22" 2y (301, 400 <1J>
<12>...<nl>
gt T T -~ 4
<_dJ =
A(L,2,...,n
< 12 > ... < nl >

where L] refer to th<positive helicity gluons,

<12>=< AN s= a2 =2, 1,21 = AL = 1062
and the Weyl spinor A' describes the momentum and helicity of the 1st gluon, etc.

Notice that: . 1pg amplitude is analytic i.e. dependent on A but not on
its c.c.

* Itis the on-shell amplitude
e <12>=-<21>, etc.; hence <11>=0.

On twistor string... RTN Network Workshop, Napoli, 3
October 2006



T 7T 4
1J >

<
<12>..<nl> < Why this is possible?
Why amplitude may be expressed through A’s?

» A tree amplitude depends on the momentum and polarization vectors of the particles,
p and €.
« This is tantamount to saying that it depends on a bosonic spinor, say A, because the

momentum of the on-shell massless particle is light-like (p?=0) and, hence, can be
expressed bv the Cartan-Penrose representation in terms of a bosonic spinor A,

i (1] 2
.‘.l.\* ,.0.,".// W

N

Y

and the polarization vector of the negative/positive helicity gluon is
i — Ao g i uoj\gj)
e T [;\(Z),/__L] > o T < u, AG) ~

where u 1s a fixed reference spinor (the same for all gluons in the amplitude).

* The new CSW (Cachazo-Svréek-Witten) approach (= MHV diagram
technique) separates the Feynman diagrame on MHV pieces, considers them
as vertices and connects these new vertices by scalar propogators.

A problem: what spinor A should be associated to the off-shell momentum p, such
that p>#0?
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Twistor string is N=4 supersymmetric theory.

The MHV (CSW) technique have been shown to make sense
not only in N=4 supersymmetric YM, but also in N=1,2 and
N=0, i.e. non-supersymmetric case

(see e.g. A. Brandhuber + G. Travaglini, hep-th/0609011).

However, the original version was developed for N=4 and it
was inspired by the twistor string which is a string model
formulated in the space of super-twistors.

A search for its (super)spacetime formulation is the main
subject of our discussion.

Thus the first three questions we have to address are:
1) what is a twistor,

i) what is a supertwistor,

i) what is(are) the action(s) for twistor string
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Penrose twistors and D=4 spacetime

« Twistor = Dirac spinor = fundamental representation of SU(2,2) (=S0O(2,4)) group
which is the conformal group of D=4 spacetime,

& Q 4
1% = ()\Od s W ) S C :
» The space of twistor is considered as a projective space

T~ 2T = Y%= (A, ,pu*) € CP°.

 The reason is the complex scale invariance of the Penrose incidence relations

pe = v\, ™ = xte )
which define the D=4 spacetime point H or, more precisely, the light-like line
2YY(T,2) = 2% + T A*A\Y  as far as the incidence relations are invariant under
x4 = g \O )\ due to the identity ~ AY)\, := €*P A A5 = 0

 The Penrose incidence relations provides the general solution for the constraint

Y a .__ Y & - —
YT =X, 0% — %\ =0
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Ferber supertwistor and D=4 superspace (Ferber 1978)

« Supertwistor = fundamental representation of SU(2,2|N) supergroup which is the
supergroup of superconformal transformations in D=4.

TZ — (T& 7777,) — ()\oz 7:ud 777?,) S (C(4|N) , (=1, ...N)
3|N)

are considered as supercoordinates of the N-extended projective superspace, (CP<

« The Ferber-Penrose incidence relations

e BN o\ . OO e 7o NN 25 7o ZUNNNNSNY o 7e SRNTINS YyaTe a1 %)
B =I5 Ay Ti = U; Ay Ly =20, = T 40, U
involves the coordinates of N-extended D=4 superspace zM . — (xu , 0%, 9_04@)
1

and defines (1,N)-dimensional sub-superspace  R(1/N) in this N-extended superspace:
Y=z T AN, 0 =07 + XY, {(7,k)} =RUIN)

This RNV is the STVZ(D. P. Sorokin, V.I. Tkach, D.V. Volkov, A.A. Zheltukhin) worldline
superspace, the prototype of the worldvolume superspace of the superembedding approach
to superbranes, used in the spinning superparticle framework by S.J. Gates, J. Lukierski,

J. Kowalski-Glikman ...
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Twistor string= string defined in the space of
supertwistors.

There exist three mairﬁormulations of the twistor string model

« The original formulation by E. Witten (Dec.2003)
« The open string fromulation by N. Berkovits (Febr, 2004)
* The closed string formulation by W. Siegel (April 2004)

 V Siegel actually proposed 2 formulations, but we will discuss one (in terms of
Penrose but not ADHM twistors)

« The relation of twistor string model with N=2 spinning string defined in
D=2+2 was considered by Nietzke and Vafa (Feb. 2004)

« The ‘two times physics’ treatment of the twistor string was considered by
ltzhak Bars (July 2004)

* A new open twistor string model(s), the closed string sector of which
contain Einstein gravity (and not the conformal one), was proposed recently

by M. Abou-Zaid, C.M. Hull and L.J. Mason (hep-th/0606272).
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Siegel’s closed twistor string action (Ne1)®

Contains only one supertwistor YT := (Té‘ i) = (Aa e ,7:) and reads

f et+ A VTE TE + f dQSLYM current

W2 W2
super)twistor part of the x_?ﬂ‘/@ action “for current algebra
o of the Yang-Mills gauge group” G
In the n-gluon MHV amplitude \/

A(1,2,0ym) = 2V2ign 2T p(10n o) <L

The simplest choice for the YM current part is the action for free fermions in the fundamental
representation of G. The Lagrangian including also vertex operator reads

d*¢ Ly +tr(JA) = Let+ A (YrDy! — Dy yF)
(DY! = dy! + AT ;97 and AT ; = A"T, 1 ; is the YM field).
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Siegel’s closed twistor string action (Ne1)?

f et /\TEVTE - f d2£LYM current
W2 W2

> A .

™= (Ta 777@') — (>\oz aﬂa ;777;) (action N2 contains another, ADHM supertwitor)
— ] iR — o+ S

V=d-i1B=c¢e¢ V_H_—l—e V__

Worldsheet zweibeiny €TT Ae ™ = d2§ \/ |7| )
forms ettt A\V=ettT Ae—V__

Ts TE =X, 1% — 1% + 2i'n; = 0
f €++ATszZ —I—fLYM

W2

U(1) connection,
Lagrange multiplier
for the constraint

on the surface of constraints
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Berkovits open twistor string action

[ ettt AYSVY ™ — [ e~ ATEVYTE + [ ALy ur current
w2 w2 w2

contains two supertwistors: left-moving 7~+2  and right-moving Y —2
> 3 + 4 4+ +
Tj: :(Tiavnqj):()‘avﬂ aﬂ?i)
These are glued by the boundary conditions on the bondary 6 W2 of ‘/ ‘/ 2

_y _ ety - _ ot
w2 ="T""|aw2, Tzlaw2 = Tslow2 -
The b.c. are also imposed on the left and right currents, T2 =J" T+ T2
-_— _Z _
On the surface of constraints TZ T — 0 and 'Y‘—I_ T = O

which appear as equations of motion for B__ and B_|__|_ V=d-—:1B
the action becomes [et+ A YsdY—% — [e A T;dTJFZ + [ Lyw
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Original Witten's closed twistor string action

contains only one N=4 supertwistor T = (Y%, ;) = (Ao, %, 1)
Sw = [ VT ARVTE 4 d2e =(6) (TeTE — 1)
JW=< L \ /]

= /dT/\dO‘\/m [V_H_’T\Z V._T> 4+ V._Tx V-H-’T\Z]—i_/ d2€E(€) (TZTZ B T)

U(1) connectionin V= d — i3 range multiplier for the constraj
is expressed by i 5
B=—"sxdT*. g
fr‘

TzTZ T

This is a constrained sigma model action with tangent space  p(3|4) . It is important that

this 1s Calabi-Yau supermanifold because of existence of an invariant integral 3+4 form

Oii — O g 0 8 0 0 O — e o o a8 A gy A 479
Se(3)4) =25(3|0) “gkl 87% 8773 877k 81’” 9 24(3]0) Ca’G/~6" 1 a4 /N /N Qi

Y

This guarantees the absence of anomaly in the “parity violating R-symmetry’ which is
used in topological twisting resulting in a topological B-model. To reproduce the MHV
amplitudes of the Yang-Mills theory this has to be enriched by D-instanton contributions

(that the Berkovits model seeks to avoid).

We have nothing to say about this formulation of twistor string below and begin from



Spacetime formulation of Siegels twistor
closed string model

* (modulo YM part) it is given by the (N=4 version of the) twistor-like
Lorentz- harmonic formulation tensionless superstring action of

[1.B. and A.A.Zhelukhin, JETP Lett 1990, PLB 1991],

Ss = [€++ A Hdaxd)\a =+ dszYM curTent] 9
W2

1% := dz™® —id030%" + i67do™ ,  =1..N, N=4.

where

The bosonic spinors A is auxiliary. Its equations eTT A Hda)\a =0 or Hd_oi Ao =0
are non-dynamical and imply ﬂd_oi ~ NN which solves the Virasoro constraints
Tl _4n =0 The aci IRREDUCIBLE K-Symmetry

52t = 00,08 0% —i026,0%0,  §.0% = riA gl = Rixd ‘= Guett =0.

This is obtained from oo-reducible one with 6,09 = kg 11 5.0 =T** k!, by using

and helps to reduce the # of degrees of freedom to the same 8 + 16/2 as in the twistor string.
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From tensionless superstring to twistor string

So = / (et A (dz™® —id03 0% + 303 d0 ) AaAa + d°ELy ar |
W2
@ S= [ [eTTAII*AsAa +d* Ly ]
W2

the way to the standard twistor string is similar to the relation between different forms
of the Ferber-Schirafuji (super)particle action.

By using Leibniz rule, dz®® N, = d(g}da)\a) — x%d)\,, etc.  one finds

S = J/ et A (dp® Ng — dAo 1 — 2idn; ') + d*€Lg

= /e++ AYsdY® + d*L¢ ,

where o' Qo o JileXae %! o

p = xTN = (Y + 10050 A\, 1 = 05 A
are the Ferber-Penrose incidence relations which provide = S
the general solution for the constraint T 2 T==0.
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Twistor string as tensionless superstring

 The action of the Lorentz harmonic formulation of the tensionless
superstring [I.B. & A. Zheltukhin, JETP Lett. 1990, PLB 1991]

S= | d2€ p—l——l—mnaa—— = [ e ++ A |—|aa—— v
W2 W2
was written using the D=4 spinorial Lorentz harmonic variables [I.B. 1990]

(v, va ) c SL(2,C) = Spin(1,3) colestial
sphe

]

i.e. a pair of spinors constrained by ¢, v&l_ — 1]

[Galperin, Delduc, Sokatchev, 1991, Galperin, Howe, Stelle 1991]
and thus providing a complexification of the SU(2)/U(1) harmonic variables

[Galperin,Ivanov,Kalitzin, Ogievetski,Sokatchev,1984 o
++ A TN -\

This is equivalent to the twistor string action S =

and the constraint v (‘X|‘ — can be treated as imposed on v c_xI_

which 1s absent in the action. space of harmonics i1s Spin(1,3) _ g2
_ _ _ Spin(1,1)RSO(2)xX Ky ~
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Berkovits open twistor string model and
tensionless superstring in an enlarged superspace

* On the surface of constraints  the open string action by Berkovits reads

[ ettt ATSdY ™% — [ e= AYTdYT™ + [ d?€Lyn
w2 W2 w2

« Solving the constraints

YT ==X 0 =G 9N +2in ' =0
fY‘-l- T — )\‘|— +a —+a>\—|— + 2Z-+Z ‘|‘ —0

by pm =Sy = (S 0 S0R)AL . m = 0 AL
pte = CE‘(T)LA (SE‘(T) + 105 (O‘T"L))AI : Ny =0 AL,

one trasnforms the Berkovits action into the action for open tensionless
supersting in the direct product of two copies of the D=4 N=4 superspace

S = / ( T N H(l) )\ )\ A H(T))\+)\+) / d2£LG 5
VV2 W2
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Thus the Berkovits open twistor string model is a
tensionless superstring in a direct product of two
copies of the D=4, N=4 superspace.

g — / (et ATICONT AT — ¢ AT H) & / A2¢T
rJ jWQ\ J.( ) /\ /\a Lo /N L L r /\a /\a} | jW2 w S'LJ(J ’
. . ) — . . S 1'k \
where Goo i ggdo 0 0% 4 i0 ) O uperspaces like
(_l) (,l) (1)i _(l) ()i (_l) .7 that were first used in
?‘TO)‘ = dw?ro)‘ — id@(r)?é’?rz) + ié’(r)?deaz - [[E. Ivanov + A. Isaev, 88/]
The boundary conditions T e = T oy Telowz = TElow2 -

imposed on the twistors, identify the coordinateftnctions of these two super-
spaces up to the local symmetry transform '
copies of the kappa-symmetry,

) Zlf?l()x = Q(Z)Z 9() 29@0‘5 9?23 51%‘9(0? — ,{;‘/\—a 7 ) 9?23 — gti\—@ :
) 33?7% = 10,0(r) 5" 9( ) — 100, 650 & = Ky AT, 5 ga) — RriaTa
Ol% — O/@;\id — 6,%€Ili

pen null superstring in  ©¢+614 = (z# ylwv] §o)
as studied in [Bengston & Zheltuw

pen twistor string= opé null-superstring 1
PEMAN) @ S AAN) N = 4
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Twistor string Is a tensionless string?

 The fact that the action [e.g. by Siegel] S = / et ATI*As 0]
W2

[equivalent to the one from 1.B. & A. Zheltukhin, JETP Lett. 1990, PLB 1991],

describes a tensionless object can be understood by observing its conformal invariance
and, hence, the absence of a dimensional parameter (like mass or string tension).

The tesnionless nature of twistor string was noticed by Siegel (2004), who also
rised the question about its tensionful prototype.

This should exist because  the intrinsically tensionless string (=null-string) mass
spectrum 1s known to be continuous [I.B. & A.A. Zheltukhin, 1989, Fort.Fis. 1993],

while the quantum state spectrum of the twistor string is assumed to include the massless
fields (gauge fields).

The mass equal zero and the continous mass spectrum provide two alternative
possibility to have a conformally invariant mass spectrum,

1.e. to have a mass spectrum which is not described by a dimensionful parameter. ﬁ

[ Twistor string 1s a tensionless limit of some superstring 1
October 2006




On a possible parent tensionful superstring
for the twistor string

Siegel proposed that it’s bosonic part is given by the so-called QCD string [Siegel 94],
but the issues of fermions and of the k-symmetry were not addressed in [Siegel 2004].

If we were interested in N=1 or N=2 counterparts of the twistor string, which are equivalent
to N=1 and N=2 D=4 tensionless superstring of [[.B. & A.A. Zheltukhin 90], the natural
answer 1s given by the D=4, N=1,2 Green-Schwarz superstring action in the twistor-like
Lorenz-harmonic formulation of [I.B. & A.A. Zheltukhin 1991, PLB 1992],

1 o _ 1 ~
S=— [ [T Al v, - A0y e AeT]-— | B
dra W2 dma W2
where @£ constrained by ’UC“_’U&I_ — 1 are our old friend, the Lorentz harmonics,

. . Spin(1,3
which now are both present and, hence, parametrize a noncompact coset Spm(l,lg(@sz)@)

The Wess-Zumino term |B has its usual form of the pull-back of the “flat superspace
value’ of the NS-NS two from superfiled B characterized by the field strength constraint

Hz = dBy = —2i11% A (dO* A 0,d0t — dOY A 0,d6?) for N =2,
and Hs = dBy = —2il1* A dO A 0,d0 for N=1.
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On a possible parent tensionful superstring
for the twistor string?

To derive the N=1,2 counterpart of twistor string from these N=1,2 D=4 superstring actions
S = —1 [ et ATy, —e™ ™ AT ol — et A e |- —1 [ Ez
Ao/ /Wz a "o Ird [,y
: . / : : :
one should take the tensionless limit &' > OO while keeping e / o/ finite,
i.e., before setting o — oo oneredefines e™ — dra’e™, e7 T — e /(4ma).

The problem with twistor string is that it 1s classically equivalent to N=4 tensionless
superstring and in N=4 D=4 superspace one cannot write the Wess- Zumino term |B
because the constraints for H=dB which would provide the x-symmetry 1s not known.

Moreover, it 1s known that such a constraint for N=4 H=dB does not exist
[according to classification of the Chevalley-Eilenberg cocycles over superspaces
(more exactly, on Lie superalgebras) [J.A. de Azcarraga and P.K. Townsend 1989]]

except for if one also enlarge the number of bosonic directions in superspace:

N=12  —-N=4 O a:“l—>(:13“,.?)

°
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On a possible parent tensionful superstring for the

twistor string?®

Indeed, the wanted Chevalley-Eilenberg cocycle H=dB (closed form which is exact in
de Rahm cogomologies but is not in Cevalley-Eilenberg one as the B cannot be
constructed from products of invariant forms - Cartan forms for the flat superspaces)
does exist in D=10, N=1 superspace, which has the same number of fermionic

coordinates as the D=4 N=4 superspace, but 6 additional bosonic coordinates,

D=10, N=1: Hy=dB; =2l AdO AX,dO .
where e o nrsae, xe e, x, @z:(g_?)z((a@?)*), ,

Nty = (Ba5,50,) 4, = antidiag (00,07, 0°476] )
This superspace allows for existence of the heterotic superstring which, when the heterotic
fermions (bosons) are neglected, can be described by the following Lorentz harmonic action

1 1 A
S = e T AIT%u, ~ —e ~ Al%u, Tt —et T Ae 7 ]— B-
/ = = /

dra’ Jy2 dral Jyre

[L.B. + A. Zheltukhin, 1991, PLB 1992]  |GIKOS, 1984 — SU(2)/U(1) harmonics for N=2.
E. Sokatchev, 1986 ‘Vector’ (‘light-cone”) harmonics; E.Nissimov, S. Pacheva, S. Solomon, 1987
Mixed Lorentz harmonics in superstring quantization, R. Kallosh, M. Rahmanov, 1987,...]
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1 N
S=-—— et ATI%u, ™~ —e™ ~ Al%u, T —etT Ae™ 7] , B5
dral Jyye {}— - dra’ Jye
7 But, actually, these vectors u’’ belong to the set
One can consider them as of vector harmonics U = (ua™ ua) € SO(1,D-1)
auxuliary light-like vectors analogos of and, hence, can be expressed through the
e T s v, U, and v T + spinor harmonics, U = (vgq_,vg;-r) € Spin(1,D-1)
a-—, —— — o of the D=4 actlon, highely constrained sets of spinors for D=10 (11, )/
Ut Tug =0,
a — a __ o - - Htra ot F
wt Ty, Tt =2, g=1,..8,¢=1,..,8, a=1,...,16

5 seey

This action 1s the p=1 representative of the twistor-like Lorentz harmonic formulations
for super-p-branes [I.B. + A. Zheltukhin 1992-94]

1

— b 1 ~
Ssuper_p_brane — pr+l [176aa1ap]i[—uba /\ ea’]_ /\ P €ap — —(p+1)'€a0a1apea’0 /\ LRI eap —_— fW2 Cp+1

. ~ i . SO(1,D—1)
where U= (ug,4j) € so(1,p-1) are homogeneous coordinate of the coset 51 5550751

and, hence, can be expressed (by Ul =VI *V) through the homogeneous coordinates of the
double covering coset of the Spin groups ————zl.D-1) the spinor Lorentz harmonics

Spin(1,p)@Spin(D—p—1) »
U= (vgq—,vgj{) € Spin(1,D-1)
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TWISTOR STRING from D=10 G-S SUPERSTRING
D=10 tensionless superstring and dimensional reduction

. / £ 1L a ) L _ Y 2P JAN e el )
Takingthe @ = OO after the eV —-4ma'e’ T e — e /(4amw ) redefinition in
o 1 [ ot ATTa, —— o AT, A o A 1 [ 5
S = ; e’ "NlIFu,  —e NIFu, "7 —e™ T ANe | — ; Do
Ao [z dral Jye

we first arrive at D=10 tensionless superstring action

S = [ o A My, | u, ut~ T =0,
Jw?2 = -
which involves only =~ . When u is treated as Lorentz harmonic, U=u~ ~, ...) € SO(1,D-1),
these are now homogeneous coordinate of the compact coset SO(1,D —1) o8

[50(1,1) ® SO(8)] « Kg
A dimensional reduction of such an action can be done in such a manner that the D=4, N=4
null superstring appears: just consider a Lorentz frame where

N N a1 T, T —
,U’oooqu o wa (¥ 7] —

7/ 7 /7

~ L
ne~ = = A Un,
w w

Ig ¥ §

W

~—’
>
>

N
v .

n
w

S u
Ve
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Tensorial superspace versus standard
D=10 superspace.

« Discussing above the D=10, N=1 Green-Schwarz superstring as a tensionful parent of
the twistor string, we have allowed ourselves to enlarge D=4 superspace by six
additional bosonic coordinates.

« ltis not clear at present whether this enlargement is unique,

even if we restrict ourselves to just six additional bosonlc coordinates, these do
not need being the components of the SO(6) vector x! , but instead

may be component of antisymmetric tensor yurv — _yvu | or equivalently,

28 o Prymwg o 28 eﬁVY“”aMWO‘

« The action for a superstring in (N=4 extended) tensorial superspace reads
[LB. +J. de Azcarraga + M. Picon +O. Varela, PRD2004] (X8 = (508, z0B8 ;68))

Syaoiam = = [ (e++ ATIYPATAT + et ATIYPAZAT — et A e——(edﬁAgAfﬁ) ,
T e g B B
A A ~ A ) NN Ny — .. —+
49 = X% — 2ideeliplP)t = @4 .= (9%, 0%), AL :=(\E)X]).
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The tensionless limit of this superstring
et S 4ndle™ e e /(4nd)), o — oo,

reads 1 / Y _
Sapialay = = et A HaﬁA@Aa , Ay = A
MEEE) 2 J 18] O I}
W2
» This is the w=1 representative of the family of the D=4, N=1 null superstring actions in
tensorial superspace of which the Berkovits-Siegel twistor string is the w=0 case.

S(w) = /W2 ett A (HdaAQXd + %Haﬁ)\a)\g + %Hd@d&;) ,

Mo = dg® —d0%0"" +i02d0™ ,  T*F = da*® — 2ido\"07) = (11%0)* .

- For w=1 this action was first considered in [Zheltukhin & Uvarov 2002]. For general w, this is the
an extended object counterpart of the superparticle action of [I.B.+J,Lukierski +D.Sorokin 1999]
whose quantization results in a free conformal higher spin theories.

-The case w=1 is special [I.B. + J.Lukierski 98]): there the model possess additional k-symmetry
describes the excitation over BPS states preserving 3/4 SUSYs; for N=1 it would be all but one
SUSY's, and the BPS states can be identified with D=4, N=1 BPS preon [[.B. + J.A. de Azcarraga +
J.M. Izquerdo + J.Lukierski, PRL 2001].

- Thus a dimensional reduction with deformation moving from w=1 to w#1 looks less singular as

preserving the number of local symmetries.

Thus twistor string is an element of a family of tensionless super-strings in tensorial superspace.
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Conclusions

Twistor string (in its Siegel’s closed string version Siegel 2004) is
classically equivalent to the N=4 null-superstring in its twistor-like
Lorentz harmonic formulation of [I.B. & A.A. Zheltukhin 1991-92].

It is not intrinsically tensionless superstring but (as noticed by
Siegel) a tensionless limit of some superstring.

What is the tensionful prototype of the twistor string is not clear now,
but it should be a model in superspace enlarged by some number of
additional coordinates.

The list of natural candidates include D=10 Green-Schwarz
superstring (N=1 closed, the heterotic string without(?) heterotic
fermions /bosons) as well as superstring models in tensorial
superspace, the D=4, N=4 superspace enlarged by 6 tensorial
coordinates.

The Berkovits open twistor string model can be described as the
open superstring moving (again) in an enlarged superspace which is
given by direct product of two copies of D=4, N=4 superspaces.
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Some open problems/questions

* Does the twistor string lead us outside of the standard superspaces?

« Does the N=1,2 counterparts of the twistor string make sense (like it do the
N=1,2 and N=0 versions of the MHV diagramme technique).

 What one can say about original Witten’s formulation?

 What is the spacetime forms of the new twistor string models by C.Hull,
Abou-Zaid & Mason?

» As tensionless limit of the supersting is believed now to describe the higher
spin theories (see e.g. Sagnotti+Tsulaia, Bonelli), what is the relation of
quantization leading to higher spin and the one leading to the SYM (the
twistor string)?

* Does it make sence the higher-dimensional generalizations of twistor string?

In particular, whether the above discussed D=10 null superstring action in
Lorentz harmonic formalism,

++

S = [ e ANy, u, vt~ =0....
is related with D=10 SYM? ...
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Thank you for your attention!
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A natural condidate for D=10 twistor

string is the above D=10 null superstring

SZ/ e ANIM*u, | u, u=  =0.
W2 ~ -
To see this one has to "extract the square root’ of the light-like vector u”~ by treating
it as a part of moving frame (u”~=u° - u'), i.e. of the SO(1,9) valued matrix.
Then the double covering of this matrix, the 16 x 16 Spin(1,9) valued matrix, provides
us with the spinor moving frame.
The double covering is defined by the condition of the invariance of gamma-matrices I,
or sigma-matrices X, u-2' = V2V which, in particular, includes u™"-2=V2 "~ V.
This relation involve only one 16 x 8 block, v, of the matrix V and reads

DV, = U, 2.

2a-ba @ Tap another relation between the same variables reads
/Ungqu — 6pqug

Thus u  can be expressed through 8 higherly consrained spinors (spinorial harmonics)
Parametrizing the conset of Lorentz group isomorphic to the (selestial) sphere,
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a [ Tt ra, —— a——

The action o5 = /WQ e AlTu, Uy, U =0.

can thus be equivalently written as

S= L[ ettaTesss v, vsy [ = dX2 — idO¥20 |
W2 -

This is a clear D=10 counterpart of the D=4 ‘spacetime’ (N=4 superspace)
presentation of the twistor string action, but written in terms of higherly
constrained spinors, the spinorial Lorentz harmonics which parameterize the
D=10 celestial sphere,

L Spin(1,D — 1)
{vap}_ r . 7 N\ ~ . / o~ \ 7 -
lopin(l, 1) ® Spin(o)] & Kg
The Ferber’Schirafuji transformations (using the Leibnitz rules) results in the foolowing
Equivalent form of these tensionless superstring action,

5= / e N (dpg *vag —pg “dvag —idxg Xq )
2
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S = / e A (dpg *vag —pg Fdvag —idxg xg)
W2

where ~ f3 1
He o = X0 vs, — 0% Oy,

q ?

These solves the constraints

The complete set of constraints includes as well

22@;2}@; = u_ﬁ_ Ziﬁ : V2V, = Opqlly
Twistors in D=10,11 are higherly constrained variables.

This was also noticed in recent [I. Bars & M. Picon, 2005] in the context of
two-time physics [I. Bars at al 98-2006]
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Let me notice that the second order form of this action

_P
(p+1)!
which is obtained from the original [I.B. + A. Zh 92-94] action

€apar...a, 20Uy “ONeMA. .. By, % — Cpt1
Wt : 0 P

Ssuper—p—brane =
W2

1 1

Ssu er—p—brane :/ [_Gaa ...a, Eéoub TAEMA.L L -eap_iea ai...qa, eON. . .eap_/ é +1
e werr pb - (p+1)r w2

on the ‘surface’ of equations of motion for e, namely E2u;* = e®, were discussed e.g.

in I.B. hep-th/9807202=Lect.Not.Phys. 1999, and in [.B. +D.Sorokin+ M.Tonin, NPB97
(for Dp-branes, where the first order form 1s too complicated); very recently its gauge fixed
(with respect to H=SO(1,p) x SO(D-p-1)) form, with an explicit parametrization of the coset
SO(1,D-1)/H by unconstrained Goldstone fields was considered in hep-th/0607057,
hep-th/0608104 by Joaquim Gomis, Peter West and K. Kamimura.

The ‘twistor-like Loretz harminic’ action of [I.B. + A. Zheltukhin 92-94],

A

1 1
'eaoal___apeao/\. . eap—/ Cpt1
1)! W2

b a a a
S super—p—brane :/ [ €aar.a, Boup “ACHIA. e —
we+t P (p+

Was used in [I.B. + D. Sorokin + D. V. Volkov Phys.Lett. 1995] as a basis of the
generalized action principle of the superembedding approach.
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